SOME MORE RESULTS ON RATES OF CONVERGENCE
IN THE LAW OF LARGE NUMBERS FOR WEIGHTED
SUMS OF INDEPENDENT RANDOM VARIABLES(*)

BY
D. L. HANSON AND F. T. WRIGHT(®)

1. Introduction and summary. Let Xy for N=1,2,... be an independent
sequence of random variables with finite first absolute moments; let ay , for
N, k=1,2,... be real numbers; let

(1.1 Sv = 2, anu(Xu—EX));
k=1
and let
1 N
1.2) Ay =5 2 (Xu—EXy).
Nk=1

Both classical and modern results deal with the convergence of the sequences Ay
and P{|Ay| > ¢} to zero, this convergence being of obvious practical interest. In the
past few years sums of the form (1.1) have received attention, partly due to the
natural tendency of mathematicians to generalize known results, and partly
because sums of the form
1 N
N 2

k=1

[z af(Xk—j_EXk—j)]
i=0

are of interest in certain practical statistical and probabilistic problems. We have
not attempted to provide a complete listing of the work done in this area. [1]
through [11] contain several different types of current work, and provide a fairly
large, though by no means complete, bibliography for this area.

The results given here extend and sharpen the results of [6] giving rates of con-
vergence of P{|Sy| > ¢} to zero. There are five theorems in [6], each involving as a
hypothesis some condition closely related to the existence of E| X, — EX,|t. In the
next section we extend and sharpen some of these theorems by considering sep-
arately the cases t<2 and ¢>2; in addition, we provide a theorem giving series
convergence under weaker moment conditions than were used in [6] but under
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stronger assumptions on the ay ,’s. In §3 we show that Theorem 5 of [6] is actually
a corollary to Theorem 4 of [6] and investigate the sharpness of Theorem 4. §4
contains some miscellaneous concluding remarks.

2. Extensions of previous results. Throughout this paper C will denote various
positive constants whose exact numerical values do not matter. Using this notation
inequalities such as 1+ C< C are valid.

Let Xy, an,i, and Sy be defined as in §1. Suppose ¢ and ¢’ are constants and
{ex}, {¥x}, and {py} are sequences of positive numbers such that

@0 Z lakl" < en,

22 Z at. < v

and

@3) 2 ol < px.

For y=0 define ’

(2.4) F(y) = sup P{|X,—EX,| = y}.

We will prove the following theorems:
THEOREM la. If 1£t<2 and E| X,— EX,|* < M <o for all k, then for every e>0
25 P{|Sx| > &} = O(p).

THEOREM 1b. If 1=5t'<t=2, if yF(y)S M <0 for all y>0, and if there exists
a Ay such that oyp)® < M' <o for all N, then (2.5) holds for every e>0.

THEOREM lc. If t>2, if y'F(y)S M <o for all y>0, and if there exists a vo>0
such that y¥ < O(py), then (2.5) holds for every > 0.

THEOREM 2a. If 15t=22, if E|X,—EX |!SM< for all k, if y¥'F(y)—0 as
y —> o, and if py — 0 as N — oo, then for every ¢>0
(2.6) P{|Sy| > &} = o(pn).

THEOREM 2b. If1=t'<t=<2,if y'F(y) > 0asy — o0, if py — 0 as N — oo, and if
there exists a A, such that ayp)® < M < oo for all N, then (2.6) holds for every ¢>0.

THEOREM 2c. If t>2, if y'F(y) - 0 as y — o, if py — 0 as N — oo, and if there
exists a vy >0 such that y}? < O(py), then (2.6) holds for every ¢>0.

In Theorems 3, 4, and 5 we assume that oy, yy, and py are of the form CN¢,
CN~7, and CN~* respectively. In addition, for Theorems 3 and 5 we assume there
exist constants C and B such that

2.7 max |an,x| £ CN-5.
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For s=t and s=2,

[m,?x |aN,k|]s < ; |ay il
SO wWe may assume
238) Brzp and 282 7.

For t>2

IIA

Z |ay k"
k
so if 1>2 we may assume

(2.9) p = B(t—2)+vy.
Define for N, M=1,2, ...

[max laN,k|]“2 Z ag
k k

(2.10) vy.m = cardinality {k : |ay .| = M~}
THEOREM 3. If t>2, y>O0, and F satisfies

@.11) lim F(y) = 0 and L ® WdF ()| < oo,

then for every e>0

(2.12) > NEC-DHY-1P(S, | > g} < o0,
N

THEOREM 4. Ift=1; p>0; y>0; and there exists a nonnegative and nonincreasing
real valued function G satisfying (2.11), G(x) 2 F(x) for all x, and

YEY) _
213) W G T <
then for every >0
@.14) 2 NITIP(S] > 6 < 0.
N

THEOREM 5. If t=1, p>0, y>0, F satisfies (2.11), and either
@) vy SCM!N~“~DYg(N) with 3y g(N)< o, or
(b) vy, u S CM*N~7 with ¢ 2 uB, and either p# o or t#p,

then (2.14) holds for every e>0.

Proofs. Throughout these proofs summations will be taken over those values of k
for which ay , #0. Initially we prove Theorems 1a, 1b, and 1c under the assumption
that py — 0 as N — oo; the other cases will be taken care of at the end of this
section.
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The proofs begin as those in [6] where the following inequality was proved:

P{|Sy| > 3e}
2.15) < ; P{lay,(X,—EX,)| > &}
(2.16) + > Pllay (Xi— EX,)| > 8}P{|ay,(X;— EX;)| > 8,}
i#k
(2.17) +P{|Z aN,kEYN_kl > e}
(2.18) +P{ > anl(Yu—EYy0)| > s},

where 8y is a sequence of positive numbers to be chosen later and
Yvi = Xi—EX, if |ay(Xp—EXy)| < 8y
=0 otherwise.

The proof of each theorem proceeds by showing that expressions (2.15)-(2.18)
tend to zero at the rate specified in the theorem.

EXPRESSION (2.15). For Theorems 1a, 1b, Ic, 2a, 2b, and 2c, we observe that
(2.15) is bounded by

a t
Slaval' qup  [p(x—EX,| 2 p)1 < Cow sup RO
‘!I‘ZCDA',I

K € vZellay, kl
The hypotheses of Theorems 1a, 1b, and 1c insure that
sup sup Iy‘P{le—EX,J 2y} <o
k

v2sllay
so that (2.15) is O(py). The hypotheses of Theorems 2a, 2b, and 2c insure that
sup [YF(»)] >0 as N—oo.

vtzcpyt

Hence (2.15) is o(py) under the hypotheses of these theorems.
For Theorem 3 we note that

Z NE¢E-2+y-1 ZP{]aN_k(Xk—EXk)l > ¢
S k
< Z NBE-2+7-1 Z F(e/|ay,|)
5 Kk

Nﬂ(t—2)+y—1

IA
NMs
gl
D

(2.19)

M=1 {(N,k): M —1<ellay k| SM}

Il
N

[FM—1D)—FM)] 3 N*=2+7 Yy (),
M=1 N=1
where vy y(e)=card {k : ¢/|ay, | £ M}. Since (e2/M2vy y(e)SCN-7 and |ay,| <
CN~# for all k, it is clear that vy ,(¢) < CM2N~" and vy, () =0 unless N<CM'/%,
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Thus (2.19) is. bounded by

o [CM1I8)
C Z [F(IM—1)—F(M)IM? Z NEG-2-1
M1

N=1

<C S [FRM-1)-FM)Mt < C+C f X|dF(x)| < co.
M=1 ]
Under the assumptions of Theorem 4 the finiteness of
(2.20) 2 N°71 Y P{lay (Xi— EX,)| > &}
N k

is proved on pages 351 and 352 of [6] starting at (20).
An argument similar to that given for Theorem 3 shows that (2.20) is bounded by

© [cM1i8)
(2.21) Cuzl[F(M— 1)— F(M)] NZ] N°~lyy u(e).

It is clear that there exists a positive integer r such that vy ,(¢) Svy .y, and so under
assumption (a) of Theorem 5 expression (2.21) is bounded by

c i [F(M—1)— F(M) M mfi’” g(N) £ C+C f ® X|dF()| < co.

N=1

Under assumption (b) of Theorem 5 expression (2.21) is bounded by

(2.22) (o} i [F(M —1)— F(M)]M* [cuz” ] No-1-0,
M=1 N=1

If p#0 and o2 pB, then SFH"I No-1-9 < CM® -5, from (2.8) we get

p—(o—PBp)
B

thus expression (2.22) is bounded by

IIA
IA

P .
g
C S [RM-1)—FMM: < C+C f " 2|dF(x)| < .

If p=o, then by hypothesis x#¢ and this implies that x < ¢. Thus (2.22) is bounded
by

c i [F(M —1)— F(M)]1M* [cuzml N-1

< [F(M—1)— F(M)]M* log (M+1)
[

< FM=1)~FOIM' 5 C+C [ ¥1dF@)| < o.
0

C i
M=1
C i
M=1
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EXPRESSION (2.16). Expression (2.16) is bounded by

[Z e (§ m)P {1—rx > e )]

The hypotheses of all the theorems insure that y!F(y) < M < oo for all y>0, so that
(2.16) is bounded by Cp%d5 2. In order for (2.16) to tend to zerg at the appropriate
rates it would suffice to show that there exists a >0 such that

(2.23) ph 872 >0 as N—> oo

The &,’s will be chosen later in the proof and will satisfy (2.23).
EXPRESSION (2.17). For all the theorems in question it suffices to show that

D ayiEYy =0 as N> .
k

For Theorems 1la, 2a, 3, 4, and 5 we observe that

Z ayk EYn | £ z law.«l (Xx—EXy) dP'
* * Uan, 1 (X — EXiIS6N)
= laval (X~EXy) dP‘
k (an, (XK — EXi)l>0N)
< > layd f | X,,— EX,| dP
k

(an k(XK — EXK)l>6N)

IIA

§y¢-D Z IaN.kltElxk'—'EXkP < C8;¢-Dpy
k

So Expression (2.17) tends to zero at the rates specified if
(2.24) 87¢ Yoy —>0 as N— oo,

We will choose {8,} later so as to satisfy (2.24).
For Theorems 1b, 1c, 2b, and 2c an argument similar to the above gives

Z ayEYy
K

< §5¢-A-D Z |ay. |t 2E| X, — EX,|t =%,
k

where A satisfies 0<A<7—1 and will be chosen later. The hypotheses of the
theorems under consideration insure y'F(y)< M <oo for all y>0, which implies
that for a fixed A satisfying 0 <A< ¢—1 there exists an M’ with

E|X,—EX,|'""*» = M’ < o forall k.
If t>2, by applying Holder’s inequality and requiring
(2.25) 0<A<t-2,

we see that
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D lan el = D |ay o2V 2| ay, |12 =D
k k

Alt-2) t-2-2/t-2)
< ( Z a%l,k) ( Z |aN,k|t)
k k

Alt—2)  1—-A/(t—-2
S pNOPpyNE-D

so for Theorems Ic and 2c it suffices to show that

(2.26) Sy E-A- D NE=Dpl=NE=D 5 0 as N — 0.

Later {8y} and A will be chosen so that (2.26) holds. If 1 £¢' <t <2, we require
(2.27) 0<A<t-t.

Holder’s inequality is applied, as before, and we get

Z lay |t~ = Z | V8| gy |HE-E -DIE= 1)
k k

Z law )¢ Z lam o) Y
( k , ) ( & ’ )

Al =t) 1= Al -t
< /-t ph-AE-t),

IIA

Hence for Theorems 1b and 2b it suffices to choose (as we shall do later) {85} and A
so that

(228) Sﬁ(t_)\_ l)a;\’I(t—t')P}v— Al -ty _y 0 as N— oo.

ExPRESSION (2.18). For convenience we let Zy ;= Yy ,— EYy ;. As on page 354
of [6], we use Markov’s inequality, with v a fixed positive even integer to be chosen
later, and obtain

P{ | > aN,kZN'k| > e} 81 E( > a,,,,cz,v,,,)v
(2.29) f * s

¢ Z ; [ T law.s/™E|Zy,g,|™

k=1

IA

IA

where the first sum is taken over all integers a, b, m,, ..., m,,, such that 2<m, <t
fork=1,...,a;t<mcand2<m, fork=a+1,...,a+b; >¢t% m,=v; and distinct
sets of integers {my, ..., m,,,} appear only once in the sum; in the second sum
B1, ..., Bas b are allowed to range over the positive integers. Note that the first sum
is over a finite number (depending on » but not on N) of terms.

We now proceed to complete the proofs of Theorems la, 2a, 3, 4, and 5 by
showing that (2.29) is O(py*°) for some £>0. For these theorems E|X,|'< M <o
for all k£ which implies that E|Zy |’ < M’ <o for all N, k and for j=1, 2,..., [¢]
and j=t. Hence if 1Sk =<a

@y, 5| ™ E|Zy g™ = Clay,p,|?|an,g,|™2

< Cype912g3
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and if a+1Zk<a+b
|an .5l ™E|Zy g™ = |an,5,'"E IZN.akP[SgP laN.BkZN.ak(w)l""‘"]
< C3je~*|ay /"
Therefore each term in the first sum of (2.29) is bounded by
(2.30) Cyirat " +mIBph Sy e 4y y =t

In Theorems la and 2a we assume #<2 so that a=0 in (2.29) and (2.30). Thus
(2.30) becomes

(2.31) Coloy .

For Theorems 1a and 2a we choose v=2 and 8, =p¥? so that b=1. This choice of
3y satisfies (2.23) and (2.24). With this choice of 8, and v expression (2.31) becomes
Cpi+ 93t 'We note that v—¢>0 and so 1+(v—1)/3t>1.

For Theorems 3, 4, and 5 there exists a v,>0 such that y} < O(py). For these
theorems we choose v>max (¢, 2v,) and 8, =p4'®. This choice of 8y satisfies (2.23)
and (2.24). The proofs of these theorems are completed upon showing that (2.30)
is O(p3*?) for some £>0. If 5=0 then (2.30) becomes Cy}? which is of the desired
form since v>2v,. For b>1 we note that yy and py — 0 as N — oo, and that
Mg+ - +mg, ,—bt20, and thus that (2.30) is of the desired form. If 5=1 and
a=0 expression (2.30) becomes Cpy8%~* which is of the desired form, and if b=1
and a>0, recalling that 8y —0 as N—> 00, mg, 1+ -+ +my,,—bt =0, and y¥
=< O(py), we see that (2.30) is O(p}*?) for some £>0.

The proofs of Theorems 1b, 1c, 2b, and 2c will be completed by showing (2.29)
is o(py) under the assumption that y*F(y)< M <oo for all y>0. This assumption
implies that for a fixed A with O0<A<¢—1,

E|Zy, £ M' <o forall Nand k withj=2,...,¢,
and j=t— A, where 1, is the largest integer with 7, < ¢. As in the above, if 1<k =<a
|an.5,|"E|Zx,5,|™ = CyiiteD2af, 4,.
Ifa+1sk<a+b

@y, 5, |"™E|Zy,p,|™

IA

Ia”’ﬁkv—AElZN.Bklt_A[ sup |aN,ﬂkZN.ﬁk|mk—t+A]

Csﬁk—“.)\laN,Bklt—A'

IIA

So each term in the first sum of (2.29) is bounded by
(2.32) Cyfrat s +mI2 §y g+ +ma+,,_—b(t-)\)( Z |aN'k|t-)\)b.

k

For Theorems 1c and 2c where ¢> 2 it has been shown earlier that

t=A < A=) 1-A(E-2)
@, k| < W PN
K
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if 0<A<t—2. Hence (2.32) is bounded by
(2.33) Cyia+ == +mIZ+ONE =D pbL=A/E=2) Gy + oo+ =B(E=R),
Now A, v, and 8 are chosen as follows:

0<2x<1t-2

v > max (2tv,, 3t)

By = max (o}, 7).

This choice of 8y satisfies (2.23). Since 8y — 0 as N — o0 (2.26) is satisfied if
(2.34) SytyNE-DpiN¢t=2 50 as N — c0.
But from its definition

—t — (At =212t = (1 - Al(E - 2)/3t)t
it S (g NE-Diaty < - N - 213ty

0 (2.34) is obtained. For the two theorems in question it only remains to show
(2.33) is o(py). If b=0 expression (2.33) becomes Cy%? which is o(py) because
v>2v,. For b>1, expression (2.33) is o(py) since A/t—2<1/2, yy and py—0
as N — oo, and the exponents on yy and py in (2.33) are nonnegative. If b=1, then
(2.33) is bounded by

(2.35) COY(yfra* -+ +mI2 o my+ oo +mY(§ ot pl =M= DAt -2))
Now 8} =o0(pn),
Yyt M2 UMk my) gy W2y ke A mI2_y () a5 N —> 00,
and by (2.34)
Sytpy MNE-DAE=D _ (0 ag N — co.

For Theorems 1b and 2b where 1 ¢’ <#<2 it has been shown earlier that
Z IaN klt—)\ S oE-tIpl-NE-t)
k
if0<A<t—1t'. We note that for <2 we have a=0 in expression (2.32) which is then
bounded by
(2.36) Cs;'v— b(t—?\)ag,)\/(t—t’)Pg;l —/\l(t—t’))'
For these two theorems A, v, and 8, are chosen as follows:
0 <A< 20t-1tY3+1)
v > 3t
by = ok,

This choice of & satisfies (2.23). Since 8y — 0 as N — oo condition (2.28) is
satisfied if

(2.37) Sytapf/t=ph~NE=) 5 0 as N — oo.
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By the choice of 8y expression (2.37) becomes

(2/3 ~ A/t =t~ )NAIE -t
(aNPt?, /G DI t)/)l( t)’

and by the choice of A the exponent on py is greater than A, so (2.37) holds. It only
remains to show (2.36) is o(py). Expression (2.36) can be rewritten as
(2.38) CSVN+ b)\(al;’- ta;\v/(t—t’)P}v- )\I(t—t'))b.

Applying (2.37) and observing that 8% =o0(py) the proofs of these theorems are
completed.

Now we relax the assumption that py — 0 as N — oo for Theorems 1a, 1b, and
1c. Define

B, = {by : P{|Sy| > € = bypy for N’s such that 1/(k+1) < py < 1/k}.

Now sup B, is finite for each k and if sup, (sup B,) <oo the proof is complete. If
not, that is if

sup (sup By) = o,
k

then there exists a sequence py, with py, — 0 as k — co and P{|Sy,| > &}/py, — ©
as k — oo0. This contradiction completes the proof.

3. Further investigation of Theorem 4 and of condition (2.13). We continue using
the notation of the previous sections, except that we allow 0<#<1; in these cases
E| Xy| may not be finite for any N so in these cases we define

0
Sy = Z ay, .k X
k=1

and
@3.D) F(x) = sup P{| X,| = x}.

F will always be a function which could have been obtained via (2.4) or (3.1)
depending on whether #>1 or #<1 respectively. In the following definitions both
% and G* correspond to a specific F, but for convenience we will not use an F
subscript in either case.
Let

G : [0, 0) — [0, o0) and is nonincreasing
3.2) G =¢G|G(x) = F(x)for0 £ x < o0

G satisfies (2.11) and (2.13)
and define

G*(x) = Max {1, sup y'F(y)} 0<x=1
v21

3.3) 1 t
=;§g£yF(y) 1< x
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The results of this section are summarized in the statements of the following
propositions and theorems.

PROPOSITION 1. If 9# & then G* € 4. If G* is finite and satisfies (2.11) then
G*e Y.

THEOREM 6. If >0, {7 ytlog* y|dF(y)| <o, and F(y)—0 as y — oo, then
9 + . The converse is not true.

Proposition 1 provides a method for checking to see whether the hypotheses of
Theorem 4 are satisfied in a particular case. It also is useful in obtaining some of
the main results of this section.

Theorem 6 shows that one can ignore the G of Theorem 4 entirely if lim, _, ., F(y)
=0and [ y*log* y|dF(y)| <. It also shows that Theorem 5 of [4] is a corollary
to Theorem 4 of [4]—although showing this to be the case was almost as hard
as proving Theorem 5 of [4] directly. The following theorem shows that Theorem 6
is tight in the sense that under any reduction in the moment requirement on F, an F
can be found such that ¥=g&.

THEOREM 7. If t>0 and g is a nonnegative real valued function on [0, ) such that
lim sup,._,  g(x)=c0, then there exists an F such that lim,_, , F(x)=0 and

© xtlog* x
—=—"|dF(x)| <
J, et lareo
but such that ¥=g@.
Theorems 8 and 9 show that slight weakenings of the hypotheses of Theorem 4
allow >§-, N°~'P{|Sy|>e}=c0, and thus show that Theorem 4 and the result
obtained by combining it with Theorem 6 are in a sense sharp.

THEOREM 8. If0<t<2, p>0, and F (corresponding to G*) is such that lim, _, ,, F(x)
=0 and such that either G*(x)=co for some x or [ x'|dG*(x)| = o, then there exist
independent and identically distributed random variables Xy, X, . .. and coefficients
{ay i} such that P{| X,| 2 x} < F(x) for all x20,

> lawlt = CN-»,
k=1
and
> No-iP{Sy| 2 1) = o,
N=1

THEOREM 9. If t>0, p>0, and g is a nonnegative real-valued function on [0, )
such that lim sup,_, , g(x)=00, then there exists an F such that lim,,_, ., F(x)=0 and

® xtlog* x

. g0 || < s
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independent and identically distributed random variables X,, X,, ... such that
P{| X,| 2 x}=F(x) for all x=0; and a positive constant y and coefficients {ay,,} such
that

© : )
> lavil? S CN7Y, D lawul* < CN7%,
k=1 k=1

and

> NoTP{Sy| 2 1} = .
k=1
Since for 0<7=<2 we have
> lawal> £ D layult < CN-°
k=1 k=1

for large enough N, it follows that for 0<#<2 Theorem 9 is just a corollary to
Theorems 7 and 8.

The rest of this section consists of the proofs of Proposition 1; Theorems 6, 7,
and 8; and Theorem 9 when 7> 2.

Proof of Proposition 1. Suppose G* is finite and satisfies (2.11). It is clearly
nonincreasing, and using its definition one quickly sees that G*(x)= F(x) for
0=<x<o0. Now

t
sup sup 242 supyz1 y'F(y) 1}

220 vee HGHE) X {max [, sup,z; ¥F()]’ 2o

=1 < oo.

Thus G* e 4.
Suppose G € ¢ and sup,z; sup,z. 'F(»)/xG(x)=A. If A<1 set G=G; if A>1
set G=AG. In either case G € ¢ and

YEY)
P el

This implies that G*(x) is finite for all x, and that sup,z, *F(y) < x!G(x) for all
x> 1, or equivalently that G*(x) < G(x) for all x> 1. Thus

lim G*(x) < lim G(x) = 0

and

[ der o s e+ yiaero)

<C+ f PG| < .
(1,o)

Thus G* is finite and satisfies (2.11) so by the first part of the theorem G* € .
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Proof of Theorem 6. Suppose ¢>0, F(y) — 0 as y — oo, and [ y*log* y|dF(y)|
<o0. Define F¥*(x)=1 for 0=x=<3, and F*(x)=F(N+) for N=3,4,... and N<x
<N+1. Then F*(x) - 0 as x — o0 and F* can be thought of as the “tail” of a
distribution function. In addition F*(x) = F(x) for all x and

j: ¥ log* y|dF*(y)|
= 3tlog 3[1 - F3+)]+ i ktlog k[F(k—1+)— F(k+)]

c+ 3 () ‘°gkf’g‘ £D] Kt log kF(k+)— Fle-+14)]

IIA

et [( ) %] éa ktlog k[F(k+)—Fk+1+)]

A

C+Cf Yt log* y|dF(y)| < co.
0

Let G* correspond to F and H* correspond to F*, using (3.3) to define G* and H*.
Since F*(x)= F(x) for all x we see that H*(x) 2 G*(x) for all x. Now

[ 1087 s1arro)] < o

implies y*F*(y) — 0 as y — co. Thus H* (and also G*) is finite and converges to
zero as y — 0. We will show that [ y*|dH*(y)| <co which, since

[7 a0 = [ o,

will be enough to guarantee that G* satisfies (2.11) and, from Proposition 1 that
G*e 9.

If F*(x)=0 for x2 N then H*(x)=0 for x2 N so (g y|dH*(y)| <o and we are
done.

Assume otherwise, i.e. that F*(x)> 0 for 0 < x < co0. Note that F* is left continuous
with all its points of decrease at discontinuities and with an infinite number of
discontinuities all contained in the set {3, 4, .. .}; that y*F*(y) is left continuous, is
strictly increasing in every interval (N, N+1] for N3, and has local maxima
contained in the set {3, 4,...}; and thus that there exist integers 3=x,<x;
<Xxy< --- such that

(@) supyz. Y'F*(y)=xiF*(x,) for x,_;<xand k=1,2,...;

(b) x4F*(x1)> x5F*(x5)> - - -5

H*(x) = max {1, igfl)y‘F*(y)} 0sx=s1

fum—y

©) = asup V'F*(y) 1=x=23

xLF*(x,) X1 < xS xcandk=1,2,...;

‘*S.I'-*
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(d) H*(x;)=F*(x,) for k=1,2,....
Define p, = F*(x,)— F*(x;, 1) and note that >>.; x log x,p, <oo0. Now

[ arr o = [ BN+ 3 A )

0 0,x1) k=1

34 -

w2 [ o).
k=29 (XK -1,%XK)

The first expression on the right-hand side of (3.4) is finite. The second expression
is easily seen to be finite as follows:

;szAH*(xm =§ [P (222 P ]

= Z XiPr < 0.
k=1

The third expression on the right-hand side of (3.4) is a little more difficult to deal
with.
Define X" ={k | k is a positive integer and F*(x,)/p.=2}={k,<ky<---}. Then

f( FHO)N S s [ o)
Xics Xk + 1 Xy X + 1.

kZL3keX kZ13keX
3.9) S 3 dal_1dFO)
kZ13keX [%jes X +1)
t
< (B) [ sarel
kzLirex s Xk L, e +1)
Since xt. 1 F*(x; 1) < xtF*(x,) for k=1 we see that
xk+1)t < F*(x) — 1 <2
( Xk F*(x)—p 1= [P/ F*(x1)]

when F*(x,)/p,>2 so that (3.5) is bounded by 2 [’ x!|dF*(x)| which is finite.
Also

f Y |dH*(y)|
keX J(Xp, Xk +1)

%ear |
= Z txltc+1F*(xk+l)f ’ l-dy
X

KkeX K y
= Z XG4 1 F*(Xpe 1 1) 108 X4
keX

(3.6)

tizxfcrﬁ-l log xk,+1[pkg+1+ e +pkg+1—1+F*(xk(+1)]

IIA

ki+1-1
tz [ xfc l°g kak+2xfc,+1 IOg xkl+1pkl+l]
i

k=ki+1

IA

2t Z xi log xpy, < 0.
k=1
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Since both (3.5) and (3.6) are finite, we have finished showing that (3.4) is finite and
thus completed the proof of the main part of the theorem.
The following example shows that the converse is false. Let

Fx) =1 0sx=2
=Cf ytllogy)tdy  xz2

where >0 and C=[[; x~*~* (log x) 2 dx]~*. In this case x*F(x) is strictly de-
creasing for x=2 from which it follows that G*=F,. Then

1

® Jlog* y|dA =f°° dy =
fo Y log* YdF)| = | - Sqoe=dy = oo
but lim, ., , G*(y)=0 and
@ -] 1
| dG* =f ——— dy+C < .
fo Y dG*(y)| . s ¥ ©

In this case G* € ¢ but [ y* log* y|dF(y)| is not finite.
Proof of Theorem 7. Fix «>0, t>0 and choose 3<x; <x,<--- such that
(D) glx)zke for k=1,2,...;
(2) log x,+122log x, for k=1,2,....

Define

P = pg(x)/k* ¢ max {x}, log x, g(x,)}
where p is such that 3, p,=1, and define F(x)=73 ..,z Px. F can be thought of

as the “tail” of the distribution of a random variable X such that P{X= + x,}
=p,/2. Obviously F(x) — 0 as x — co.

© xtlog* x < X} log x;
——— |dF =
0 &) laF)] ;1 8(xi) Pe

S xi; log x;
# k§=:1 k** max {xi log x, g(xi)}

IIA

< 1
" Z ive <
k=1

However

f " Hlder@) 2 > f dGH()|
0 k=1 (X, X +1)

i f L[ sup y‘F(y)] dx

=1 Jxgxe s X lvZxp+

< X
Z 1X; 4 1Dicer log ==

K
+1
k=1 Xk

[\
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t @
= 3 Z Xhy1log Xk+1Pk+1
_ i xkg(xk) log x,
&5 k' max {x}, log xy, g(xx)}
i min {x}, log x;, g(x,)}
= kl +a
= o0.

Thus G* does not satisfy (2.11) and from Proposition 1 it follows that ¢ is empty.

LEMMA. If A, ..., Ay are measurable subsets of a probability space, then
M M
3.7 P Ay) 2 P(4,)— P(A; N A,).
@3.7) (U4 2 2 o= 5 P44y
Proof. Is simple using induction.

Proof of Theorem 8. Define

Fo(x) =1 x=0
= F2-) 0<x=s1
= F2V+1-) -1<cx<2%and N=1,2,...,

and note that F; is left continuous. Let X;, X,, ... be a sequence of independent
and identically distributed random variables which are symmetrically distributed
about zero and satisfy P{| X,| = x}= Fy(x) for x=0. Define

ayn,x = ay 12k=swy

=0 k > vy
where {ay} and {vy} will be obtained later. Define
Sy = Sy—ayX, forl = k Sy
and
Ay = {Sne 2 0,ayX; 2 1} 1 =k =y

Then from the preceding lemma

P{Sy = 1} 2 P(kg1 Ans)

2 D PAvw)— D P(Ay;0 Ay
k=1 1Si<kSvy
(3.8) e .
23 F (an) [F°(aN)]
=

(D) )]
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If lim sup,. » X*F(x)#0, choose {ay} such that 0<ay < N-2°" and such that

mf( )Fo( ) 0,
N ay aN

and choose
(.9) vy = min {[N“’a,;‘], [1/2Fo(;l-)]}
N
where [y] is the integral part of y. Then
1 1 1 1
(3.10) V4—N FO(E;,)I:I VNFO( )] Z 8 VNFO( )

Since Fy(l/ay) -0 as N — oo, it follows that [1/2Fy(1/ay)] — o0 and
[l/zFo(l/aN)]Fo(l/aN)ﬁ% as N-) Q0.
Also [N~*azt]=[N*] and

V-2ai1Fo( ;- ) = tahIN-raz D) Fof ) 2 eN .

ay

Thus from (3.8)—~(3.10) and the preceding discussion of the asymptotic behavior of
Fy(1/ay) times each of the possible expressions for vy, it follows that for large
enough N, P{|Sy|21}2CN~* and

i NeIP{Sy| 2 1} 2 i
N=1 N=C

Now suppose lim sup,._. x*F(x)=0. Then if we choose {vy} and {ay} so that

vyah < N-° we will have
ld) =l (2)nl2)

which converges to zero as N — oo so that from (3.8), for sufficiently large N
(3.11) P{|Sy| 2 1} 2 dvnFo(1/ay).

Since x*F(x) — 0 as N — oo we see that G*(x) is finite for all x. Since Fy(x)< F(x)
we see that if G, corresponds to F,, then Gy(x) is also finite for all x. In addition,
for x>4 we have F(x)< Fy(x/4) so that G*(x)<Go(x/4) Thus [7 x'|dG*(x)| =

implies [g x*|dGq(x)| =o0. Let x; <x;< - - - be those points (denumerably many of
them) for which x, >4 and Fy(x;)= Go(x,) for all i. Note that x; =2* for some positive
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integer k and thus that x;,, = 2x; for all i. Define p, = Fy(x)) — Fo(xx+1) and note
that for x, < x S x,,, we have Go(x)=(1/x")x% . 1 Fo(X4+1). Then

f: H|dGo(x)| = C+ i f( dGo(x)|

Xigy Xk +1)

5 i (]
2 f . tx§c+1Fo(xk+1) dx+ Z XD

) z X4 Pr-
k=1

2 { Fy(x,) log (

k-1

Recall that x, = 2x, _, so that

i kFo(x1) log( ; ) i kFo(xx) 2 C Z XiPrer

Thus [3 x*|dG,(x)| =co implies

>, #Fix) log () = oo,
k=2 Xk-1
Now let

N, = [xl?] fork = 1and Ny =0,

ay = l/xk for Nk—l <NZ= Nk’
and

vy = [N~%azt] for all N.

Note that vy, =1 for all k and vy =1 for all other N, also that vyal, < N-°. We thus
have from (3.11)

8

> NPP{Sy| 2 1
N=1

v

c> No-lv,,Fo(l)

N=1 an

Fox) D N7y

l!
||M8

Ng-1<NSNg
© Nk
2 C Z Fo(xe)xi, 2 N1
k=1 N=Ng-1+1
& N,
2 C Fo(x;) log —=
k21 «Fo(xi) log Neo,
2 C > AFx) log( ) - .
k=C k 1
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Proof of Theorem 9 for 1>2. Let {y,} be an increasing sequence of positive real
numbers such that g(y,) = 2* for all k, such that y, = 2¥, and such that either
(1) g(yx)2yi log yy for all k, or

(2) g(yx) <t log yy for all k.
Case 1. Suppose g(yi) =y, log y, for all k. Fix «>0 and define

P = plykr*e fork =1,2,...
where u is such that >°, p,=1, let

F(x) = Z pr forx =0,
{k:yp2x)
and suppose Xi, X, ... are independent and identically distributed random
variables such that P{X,= ty,}=p,/2 for k=1,2,.... Note that E|X,|<oo,
EX,=0, and

“ x'log* x <> Vi IOgyk S
dF(x)| = e S
g(x) l ( )l k=1 g(yk) - Z

Using some of the notation of the first part of the proof of Theorem 8, let v,=1 and
ay,1= N- plt. Then

©

[}
2 lay.|t = N2, Z |ay.x|2 = N-20t,
k=1

=1

and

D NeTP{Sy| 2 1} = > N°'P{X,| g Ney
N=1 N=1

v

CE|X,|t =

k1+a

2k(t 1)

CZ k1+a =

Case 2. Suppose g(y,)<yilogy, for all k. Let O<e<1/t and define A, =
(t—2te)/(t—2) and A;=(t—te)/(t—2). Note that 1 < A; < A,. We want a sequence {x,}
of positive real numbers such that

(1) {x,} contains an infinite number of members of {y,},

) M =log x,,1/log x, <A, for n=1,2,....

Let xo= ¥, for some y;;>1. Choose v=1 such that A} <A}~! and choose y;,
2 x35". There exists m; 2v such that x}T* <x}8* "' <y, <x)?'. Because xj™ is
continuous in A, a value of A, say A¥, exists such that A; <A¥ <2, and y, =x¢D™.
Define ny=0, n,=m,, and x,= xo"f”‘ for 12k<m,. Now starting with x,, instead
of xo we repeat this procedure to obtain yizix,.l , an integer my=v such that

M2 xh2 T <y, <x)8%, a A¥ such that A, <A¥<), and Yiu=x08"; we define
Xe=x08" 7" for n1+1§k§n1+m2=n2. Performing the obvious induction we
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obtain the desired sequence {x,} and an increasing sequence {n,} such that X, isa
member of {y;} for each k. Let I'={n,, n,, ...}, let B>0, and define

_ e min {g(x,), log x,}
n= n*8xE log x, n¢l,
o

= XTogx, nel,

where o is such that >, p,=1. Define F(x)=73.x,zx Px for x20 and ‘suppose
X,, X, . .. are independent and identically distributed random variables such that
P{X,= +x,}=p,[2 for k=1, 2,.... Note that

E|X,) = o > Tinigtn) logx,) T

1+8
& n*flogx, = log Xn

LJ
éaz
n=1n

Z (log xl))‘" 1<

and that
| Xil*log* | Xo| _ min {g(x,), log x,} 1
E'Zk 06 1Tkl + 1
g(X.D Y& T ) Y &z0e)
@ 0 1

Sa z n1+8+akzlg(xﬂk)

=C —
= +ak212,‘

< 00.

Using the notation of the first part of the proof of Theorem 8 we set

No=0 and N, = [x{’] fork=1,2,..
aN=l/xk fOl’Nk_1<N§Nkandk=l,2,...
vy = [N~%ay']

and note that >°_; |ay ,|'=vyak S N~%,

@

= — s\ —p(L— &)yt -
z |an,k|? = vwak = N°°N 2 ~Oxi2
k=1

IA

- —#(1 - -
CN ”xk—(l G)xfc 2

) » _ _t(l-e logxk ]
=CN-* exp{(t 2)1°gxk-1[ 1— 2 logxk 1

é CN— 23

since by construction of the x;’s the exponent of e above is negative; we define
y=pe. Now E| X, |t <o implies x*F(x) — 0 as x — oo so referring to the arguments
of (3.7), (3.8), and (3.10) we have for large enough N

P{|Sy| 2 1} = $vwF(1/ay)
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so that

v

2 NSy z 13z C Y N""lvNF(—I)
N=1 N=C an

© N,
C D xF(x) zk N-1
k=C

N=Ng-1+1

2 C > xF(x)log 1k
k=C

v

Ni—s

Xk

z2C z xi.pi log
K=c

Xk-1

Now x;._; < xt™ so that x,/x,_, = xL~ 1™ and thus

C > xipilogx,
k=C

v

S Ne-p(s,| 2 1)

g C xgzkpnk 10g xn,‘

k

3 1\s

c
=C a = o0.
k=C
4. Concluding remarks. Results for r<1 and results of the sharpness of
Theorems 1, 2, 3, and 5 are of some interest though investigations of these matters
should be fairly routine.

For t<2 we see that

L4

a
Z |ay,il® = [max ]au.k|]2_t z |ay k|
k=1 k k=1

so that yy — 0 at least as fast as py does. So for <2 no assumption need be made
on the rate at which yy — 0. (In Theorems 4 and 5 the assumption y >0 is auto-
matically satisfied if # <2.) Suppose 7> 2, the X,’s are independent random variables
normally distributed with common mean zero and common variance one, and
2i=1 |anx|2=1 for all N. Then Sy is itself normally distributed with mean zero and
variance one for all N so that P{|Sy| > ¢} is a nonzero constant so the results of our
theorems cannot hold no matter how fast py — 0. The assumptions of Theorems
lc, 2¢, 3, 4, and 5 all relate the rates at which py — 0 and yy — 0. The above
argument shows that yy — 0 is necessary because of considerations related to the
Central Limit Theorem. Is it actually necessary that the rates at which py — 0 and
v~y — 0 be related, and if so what is the minimum restriction that need be put on the
yn's?

It would be very nice to combine the assumptions on the moments with those on
the coefficients in some way, and then to generalize this type of result so as to
deal with probabilities of the form

P{[r aix.-ex) 2 o}
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where {X;} is a continuous parameter process with independent increments. This
sort of thing was done in a different situation in [7] and [8] but would appear to be
harder in this case.

Also of interest are both exponential and algebraic rates of convergence for
quadratic (and higher order) sums of independent random variables. At least in the
quadratic case this convergence is of some practical interest. Unfortunately,
obtaining results in these cases seems to be very hard and to require new techniques.
The authors have been able to obtain only fragmentary results of this type.
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